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We present two new classes of dyonic anti-de Sitter black hole solutions of 4-dimensional maxi-
mal N = 8, SO(8) gauged supergravity. They are: (1) static black holes of N = 2, U(1)4 gauged
supergravity with 4 electric and 4 magnetic charges, with spherical, planar or hyperbolic horizons;
and (2) rotating black holes of N = 2, U(1)2 gauged supergravity with 2 electric and 2 magnetic
charges. We study their thermodynamics, and point out that the formulation of a consistent thermo-
dynamics for dyonic anti-de Sitter black holes is dependent on the existence of boundary conditions
for the gauge fields. We identify several distinct classes of boundary conditions for gauge fields in
U(1)4 supergravity. We study a general family of metrics containing the rotating solutions, and find
Killing–Yano tensors with torsion in two conformal frames, which underlie separability.
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I. INTRODUCTION
Non-extremal black holes in anti-de Sitter (AdS) space-
time have a crucial role to play in the AdS/CFT corre-
spondence as dual to thermal states of a boundary con-
formal field theory (CFT) [1]. The correspondence is
best understood when the gravitational theory is a max-
imally supersymmetric gauged supergravity theory. In
four dimensions, a gauged theory with maximal number
of supercharges exists, namely N = 8, SO(8) gauged su-
pergravity [2, 3]1. This theory was originally obtained
by gauging a global symmetry of the ungauged N = 8
supergravity [5, 6]. Alternatively, it can be obtained by
1 We are not considering the recently discovered theories [4].
2reduction of 11-dimensional supergravity on S7 [7]. No-
tably, the theory admits an N = 2 abelian truncation
to the Cartan subgroup U(1)4 of SO(8) [8], and it can
be further truncated to N = 2, U(1)2 supergravity by
setting the four gauge fields pairwise equal.
In N = 2, U(1)4 gauged supergravity, a general black
hole solution might carry 4 electric charges and 4 mag-
netic charges. However, only partial progress has been
made in finding a general rotating AdS black hole solu-
tion that admits the maximum number of independent
charges. Although general solutions, with the maximum
number of independent angular momenta and charges,
of analogous theories have been found in D = 5 [9] and
D = 6 [10], less is explicitly known in D = 4. One rea-
son for further difficulty in D = 4 is that a black hole
can support both electric and magnetic charges. Never-
theless, even for the solutions with only electric charges,
the gauged generalizations that include rotation are not
known.
In ungauged supergravities, the presence of hidden
symmetries allows us to generate charged solutions from
uncharged solutions using inverse scattering methods or
coset methods (see e.g. [11–13]). In gauged supergravi-
ties, the presence of a scalar potential term generically
breaks all hidden symmetries, and it is therefore harder
to generate black hole solutions of gauged, compared
to ungauged, supergravities. More precisely, bosonic
Lagrangians of N = 2 gauged supergravities have the
generic form
Lgauged = L4 + g2V (ΦA) ⋆ 1, (1.1)
where g is the gauge-coupling constant and V (ΦA) is a
scalar potential depending upon scalars of the ungauged
Lagrangian L4. There are a variety of heuristic methods
to obtain a new gauged solution by staring at an un-
gauged solution, guessing the gauged solution, and then
checking that the resulting ansatz obeys the gauged su-
pergravity field equations. These methods have been suc-
cessfully used to obtain several asymptotically AdS black
hole solutions of 4-dimensional gauged supergravity [14–
17], and also in other dimensions.
In this paper we find new static charged solutions of
N = 2, U(1)4 supergravity and rotating charged solu-
tions to N = 2, U(1)2 supergravity with the maximum
number of independent charges. We derive the first law
of thermodynamics for these solutions and further dis-
cuss a new interplay between boundary conditions and
thermodynamics that arises in this context.
We first consider static dyonic black holes of U(1)4
gauged supergravity [8]. We find a 10 parameter family
of asymptotically AdS black hole solutions, parameter-
ized by mass, 4 electric charges, 4 magnetic charges, and
the gauge-coupling constant, or equivalently the AdS ra-
dius, of the theory. To find this solution, we used the
recently found asymptotically flat solution [18] (see [19]
for a more implicit generating solution) of the ungauged
theory, which is also known as the STU model (named
after the 3 complex scalar fields sometimes denoted S, T
and U). To generalize to a solution of gauged supergrav-
ity, it suffices to modify the metric by replacing a single
function, with all matter fields unchanged. The solution
generalizes previously known static solutions of this the-
ory [14, 20, 21], which were found by the same method.
This simple method has also been used to find analogous
asymptotically AdS solutions in D = 5 [22], D = 6 [23],
D = 7 [24, 25], and higher dimensions [26].
The general solution can, in principle, be embedded
into 11-dimensional supergravity. However, explicit for-
mulae are not known in general. The embedding is ex-
plicitly known when there are no axions [8], which suffices
for the solutions discussed in [14, 21]. It is also known
for when the gauge fields are pairwise equal [27], which
suffices for the solutions discussed in [20].
The static solutions just discussed have spherical hori-
zons, but solutions with planar horizons (black branes)
are of more interest for studying applications of the
AdS/CFT correspondence, since the dual field theory
lives on a plane. For example, a particular asymptoti-
cally AdS4 electrically charged planar black hole solution
of supergravity has been studied in [28], and asymptot-
ically AdS4 dyonic planar black holes with scalars have
been studied in [29, 30]. Planar black holes are obtained
from taking a limit of spherical black holes that effec-
tively zooms in on a narrow cone, say around the north
pole. We find the explicit metric and matter fields of the
planar black hole with 4 independent electric and 4 inde-
pendent magnetic charges. We also analytically continue
the solution with a spherical horizon to a solution with
a hyperbolic horizon.
We secondly consider rotating dyonic black holes of
N = 4, SO(4) gauged supergravity [31]. The theory was
originally obtained by gauging a global symmetry of the
ungauged N = 4 supergravity [32, 33]. The explicit re-
duction ansatz for embedding solutions of N = 4, SO(4)
gauged supergravity into 11-dimensional supergravity is
known [27]. To find black hole solutions, we work with
an N = 2 abelian truncation to U(1)2 gauged supergrav-
ity. This is an N = 2 gauged supergravity coupled to
one vector multiplet. It is related to the U(1)4 gauged
theory by setting the 4 gauge fields pairwise equal.
We find a 7 parameter family of asymptotically AdS
black hole solutions, parameterized by mass, rotation,
2 electric charges, 2 magnetic charges, and the gauge-
coupling constant, or equivalently the AdS radius, of the
theory. We also find the generalization when Newman–
Unti–Tamburino (NUT) charge is present, leading to an 8
parameter family of solutions. A special case of the solu-
tion is the dyonic Kerr–Newman–Taub–NUT–AdS solu-
tion [34]. Two special cases have been particularly useful
for finding this solution. One special case is the ungauged
limit, which is obtained by setting pairwise equal the 4
gauge fields in the general ungauged solution [18]. The
second special case is when both gauge fields only contain
electric charges [15]. The gauged solution can be found
from the ungauged solution by simply replacing two func-
tions in the metric with everything else untouched, in-
3cluding the matter fields, as done in [15]. However, whilst
this straightforwardly gives a solution locally, more de-
tailed analysis is necessary to examine its physical prop-
erties. In order to write it in an asymptotically AdS co-
ordinate system, an analysis a` la Griffiths–Podolsky´ [35]
is necessary, which we perform here. It turns out that
the metric can be set in a generalized Griffiths–Podolsky´
form with one additional parameter as compared to the
non-accelerating metric considered in [35].
The derivation of the thermodynamic properties of dy-
onic black holes in AdS requires some care. It turns out
that there is a subtle interplay between consistent bound-
ary conditions for the gauge fields and the existence of a
consistent thermodynamics. Let us first review the def-
inition of boundary conditions for gauge fields in AdS4.
We consider pure Einstein–Maxwell theory for simplic-
ity. Working in radial gauge, U(1) gauge fields admit the
Fefferman–Graham expansion
Ai = A
(0)
i +
1
r
A
(1)
i +O(r
−2), (1.2)
where i are tangent indices to a surface of constant ra-
dius (for definiteness i = t, θ, φ). The standard Dirichlet
boundary condition for the gauge field consists of fixing
the boundary magnetic field bi = ǫijk∂jA
(0)
k . The bound-
ary electric field ei = A
(1)
i is then freely varying. These
boundary conditions admit the SO(3, 2) conformal group
as the asymptotic symmetry group when bi = 0 [36],
and they correspond in the AdS/CFT correspondence
to allowing a dual conserved current in the CFT [37].
Now, an SL(2,Z) ambiguity exists in the quantization of
gauge fields in AdS4 [38]. The S transformation map-
ping bi → ei, ei → −bi maps the gauge field Aµ to a dual
gauge field A˜µ. Applying the standard AdS/CFT cor-
respondence to A˜µ is equivalent in terms of the original
gauge field Aµ to imposing Neumann boundary condi-
tions with ei fixed. The T operation consists of shift-
ing the θ angle by 2π. S and T together generate an
SL(2,Z) family of boundary conditions. More general
Lorentz-invariant mixed boundary conditions can also be
imposed, and are dual to conformal field theories with
multi-trace deformations [39]. For each choice of bound-
ary condition, the electric and magnetic fields cannot be
independently varied. This statement corresponds to the
fact that the gauge field corresponds to a U(1) current in
the boundary CFT and not a U(1)×U(1) current.
One could then na¨ıvely deduce that boundary condi-
tions with both electric and magnetic charges varying
in the bulk are generally inconsistent. However, a loop-
hole in the above argument is that only Lorentz-invariant
boundary conditions were considered, consistent with the
AdS/CFT correspondence. Varying independently elec-
tric and magnetic charges simply means that the time
components of the electric and magnetic fields et = Q,
bt = P are dynamical. One could still hold fixed the
spatial components of the electric and magnetic fields.
These boundary conditions are not Lorentz-invariant and
the resulting theory will therefore not be dual to a CFT.
Note that a dual non-relativistic field theory would also
be consistent with the existence of two conserved bulk
quantities for a given gauge field. The existence of these
boundary conditions therefore has to be studied from first
principles in the bulk, independently of any holograph-
ically dual picture. One classical criterion for the exis-
tence, or not, of these boundary conditions is the exis-
tence of a conserved symplectic structure. We performed
this analysis which we summarize as follows.
We have four gauge fields AI , with I = 1, 2, 3, 4, with
corresponding electric charges QI and magnetic charges
P I . First, the covariant phase space and the mass are de-
fined in the case with only electric charges (all P I = 0)
or only magnetic charges (all QI = 0), which is ex-
pected, since these boundary conditions are consistent
with a boundary CFT dual description [38]. Na¨ıvely,
one would infer the existence of an SL(2,Z)4 family of
boundary conditions since there are four gauge fields.
However, the gauge fields are coupled to scalar fields,
which themselves need to admit consistent boundary con-
ditions. After a detailed analysis, we identified three dis-
tinct classes of mixed boundary conditions. The first
boundary condition amounts to imposing exactly equal
or opposite four electric and magnetic charges P I = ±QI ,
I = 1, 2, 3, 4, with an even number of minus signs. The
second boundary condition consists in setting to zero two
sets of charges, let say Q1 = Q2 = P
1 = P 2 = 0, while
imposing on the two remaining sets of charges the con-
straints Q3 = ±P 3, Q4 = ±P 4 for any choice of signs.
The third boundary condition consists in setting all but
one set of charges to zero, let say Q1 and P
1, and im-
pose Q1 = ±P 1. The last case was discussed in [21]. For
all such cases, the mass is defined and the first law of
thermodynamics holds.
More generally, it turns out that for the generic static
black hole with 4 independent electric and 4 indepen-
dent magnetic charges, the symplectic structure is not
conserved. This results in the non-existence of a Hamil-
tonian, and the black hole mass is ill-defined. We there-
fore deduce that boundary conditions with such varying
fields are not consistent. The non-vanishing symplectic
flux at infinity can be seen to be related to the backre-
action of the scalar fields due to the gauge fields. The
result also holds when only one gauge field is turned on
with independent electric and magnetic charges, which
explains why the first law does not hold in general in the
analysis of [21].
Now, there are also cases where Lorentz-violating
boundary conditions are consistent (at least in the re-
stricted phase space of black hole solutions). One such
example is when the gauge fields are set pairwise equal
and both electric and magnetic charges are allowed to be
varied. This includes as a subcase the dyonic Reissner-
Nordtro¨m–AdS black hole. One can study the first law
of thermodynamics using standard treatments and the
result is as expected: the first law holds, which provides
with a non-trivial check of our expressions.
4The rotating solutions that we find possess hidden
symmetries in the form of various types of Killing tensors.
This is a widespread feature of charged, rotating black
holes in supergravity, in diverse dimensions, that gener-
alize the Kerr solution, see e.g. [40]. From the form of our
rotating solutions, we are motivated to consider a wider
class of metrics. These general metrics possess Killing–
Yano tensors with torsion, a known feature of some other
black hole solutions in supergravity [41, 42]. These are
antisymmetric tensors Yµν satisfying ∇T(µYν)ρ = 0, where
the connection has a torsion that is totally antisymmet-
ric. Unfortunately, for our most general rotating solu-
tions, the physical significance of the torsions is unclear.
In fact, we find these tensors in two different conformal
frames, string frame and Einstein frame. Other types
of Killing tensors may be constructed from the Killing–
Yano tensors with torsion. The existence of these Killing
tensors is related to the separability of the Hamilton–
Jacobi equation for geodesic motion in the two confor-
mal frames, and of the massive Klein–Gordon equation
in Einstein frame.
The rest of the paper is organized as follows. We first
present in Section II two equivalent formulations of the
N = 2, U(1)4 gauged supergravity of interest, and re-
view its truncation to N = 2, U(1)2 gauged supergravity.
We also provide the formula for its symplectic structure.
We present the general static AdS black hole of N = 2,
U(1)4 gauged supergravity in Section III and discuss its
thermodynamics. We move to the general rotating black
hole of N = 2, U(1)2 gauged supergravity in Section IV
and derive its thermodynamics as well. We generalize
the rotating metrics to a wider class of metrics that have
various Killing tensors, and study separability. We fi-
nally conclude, and provide an appendix with the details
of the general static solution with a spherical horizon.
II. GAUGED SUPERGRAVITIES
The N = 2, U(1)4 gauged supergravity theory is an
N = 2 gauged supergravity coupled to 3 vector multi-
plets. The bosonic fields are the metric, 4 U(1) gauge
fields AI , 3 dilatons ϕi and 3 axions χi. We label the
gauge fields by I = 1, 2, 3, 4, and label the dilatons and
axions by i = 1, 2, 3. It is common in the literature to
denote xi = −χi and yi = e−ϕi , which can be united
as a complex scalar zi = xi + iyi. Since gauge fields can
be dualized in four dimensions, several formulations exist
which depend on the duality frame. We will discuss two
such formulations. We will also discuss the truncation
of N = 2, U(1)4 gauged supergravity to N = 2, U(1)2
gauged supergravity.
A. From maximal gauged supergravity
The original formulation of N = 2, U(1)4 gauged su-
pergravity comes from the N = 2 abelian truncation of
the maximal N = 8, SO(8) gauged supergravity that can
be obtained from S7 reduction of 11-dimensional super-
gravity. The gauged Lagrangian can be found in [8] and
consists of the ungauged Lagrangian L4 with an extra
scalar potential,
Lgauged = L4 + g2
3∑
i=1
(2 coshϕi + χ
2
i e
ϕi) ⋆ 1, (2.1)
where g is the gauge-coupling constant. We denote the
gauge fields in this formulation as AI , for I = 1, 2, 3, 4.
The field strengths are F I = dAI and the dual field
strengths are F˜I = dA˜I , where A˜I are dual poten-
tials. The 6 scalar fields have a squared mass equal to
m2 = −2g2, which lies in the Breitenlohner–Freedman
range [43],
m2BF ≤ m2 < m2BF + g2, (2.2)
where m2BF = − 94g2.
The derivation of the abelian N = 2 truncation from
the full N = 8, SO(8) gauged theory treats the 4 gauge
fields AI on an equal footing, corresponding to the U(1)4
Cartan subgroup of the full SO(8) gauge group [8]. Since
dualization is not possible for the general non-abelian
gauged theory, this is the preferred formulation of the
gauged theory. We shall generally use the terminology
“electric” and “magnetic” according to the nature of F I .
This form of the ungauged Lagrangian is complicated,
so we shall not use it directly. However, dualization is
possible for the abelian truncation, which allows for in-
teresting alternative formulations. We describe one such
other formulation in the next section, which has the ad-
vantage of a simpler Lagrangian.
B. Dual formulation
A second formulation of the ungauged theory is from
directly reducing 6-dimensional bosonic string theory
L6 = R ⋆ 1− 12 ⋆ dϕ ∧ dϕ− 12e−
√
2ϕ ⋆ F(3) ∧ F(3) (2.3)
on T 2, and then dualizing the 4-dimensional 2-form po-
tential B(2) to an axion (Here F(3) = dB(2)). As before,
gauging adds the potential (2.1). The 6-dimensional the-
ory can be regarded as minimal N = 2 supergravity cou-
pled to a tensor multiplet. After relabelling and changing
the signs of some axions, the Lagrangian of [8, 15] can be
5written as 2
L4 = R ⋆ 1− 1
2
3∑
i=1
(⋆dϕi ∧ dϕi + e2ϕi ⋆ dχi ∧ dχi)
− 1
2
e−ϕ1(eϕ2+ϕ3 ⋆ F1 ∧ F1 + eϕ2−ϕ3 ⋆ F˜2 ∧ F˜2
+ e−ϕ2+ϕ3 ⋆ F˜3 ∧ F˜3 + e−ϕ2−ϕ3 ⋆ F4 ∧ F4)
+ χ1(F
1 ∧ F 4 + F˜2 ∧ F˜3), (2.4)
where
F1 = F 1 + χ3F˜2 + χ2F˜3 − χ2χ3F 4,
F˜2 = F˜2 − χ2F 4,
F˜3 = F˜3 − χ3F 4,
F4 = F 4. (2.5)
Note that the parity-odd terms may equivalently be writ-
ten as χ1(F1 ∧ F4 + F˜2 ∧ F˜3).
The first formulation is recovered, by dualizing F˜2 and
F˜3, and by performing the S-duality that replaces S =
χ1 + ie
−ϕ1 by −1/S. To dualize F˜2, we first add to the
Lagrangian an extra term
A2 ∧ dF˜2 = F 2 ∧ F˜2 − d(A2 ∧ F˜2). (2.6)
A2 is a Lagrange multiplier to enforce the Bianchi iden-
tity dF˜2 = 0. Varying the modified Lagrangian with
respect to F˜2, we obtain the dual field strength
F 2 = e−ϕ1+ϕ2−ϕ3 ⋆ (F˜2 + χ3e2ϕ3F1)
− χ1(F˜3 + χ3F 4). (2.7)
One can obtain similarly the expression for F 3. Subtitut-
ing F˜2 and F˜3 in terms of F
2 and F 3 and performing the
S-duality leads to the formulation of the previous section
in terms of (A1, A2, A3, A4).
It is also useful to write the Lagrangian (2.4) in the
general form
L4 = d4x
√−g[R− 12fAB(Φ)∂µΦA∂µΦB
− 14kIJ(Φ)FIµνFJµν + 14hIJ(Φ)ǫµνρσFIµνFJρσ],
(2.8)
where ΦA = (ϕ1, ϕ2, ϕ3, χ1, χ2, χ3) are the scalar fields
andAI = (A1, A˜2, A˜3, A
4) are the U(1) gauge fields. The
kinetic coefficients fAB, hIJ are
fAB = diag(1, 1, 1, e
2ϕ1 , e2ϕ2 , e2ϕ3),
hIJ = −χ1
2


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , (2.9)
2 Our field strengths are related to the hatted field strengths of
[15] by F1 = F̂(2)2, F˜
2 = F̂(2)1, F˜
3 = F̂1
(2)
, F4 = F̂2
(2)
and the
signs of χ1 and χ3 are flipped while the one of χ2 is kept fixed.
and kIJ is a longer expression that can be easily deduced
from (2.4).
C. Truncation to U(1)2 gauged supergravity
We can consistently truncate the second formulation of
U(1)4 gauged supergravity in (2.4) by setting A1 = A4,
A˜2 = A˜3, ϕ2 = ϕ3 = χ2 = χ3 = 0, obtaining
L4 = R ⋆ 1− 12 ⋆ dϕ ∧ dϕ− 12e2ϕ ⋆ dχ ∧ dχ
− e−ϕ(⋆F 1 ∧ F 1 + ⋆F˜2 ∧ F˜2) + χ(F 1 ∧ F 1
+ F˜2 ∧ F˜2) + g2(4 + eϕ + e−ϕ + χ2eϕ) ⋆ 1, (2.10)
where ϕ ≡ ϕ1, χ ≡ χ1. Dualizing F˜2 as in (2.7), we have
F 2 = e−ϕ ⋆ F˜2 − χF˜2. (2.11)
We then obtain the Lagrangian
L4 = R ⋆ 1− 12 ⋆ dϕ ∧ dϕ− 12e2ϕ ⋆ dχ ∧ dχ
− e−ϕ ⋆ F 1 ∧ F 1 + χF 1 ∧ F 1
− 1
1 + χ2e2ϕ
(eϕ ⋆ F 2 ∧ F 2 + χe2ϕF 2 ∧ F 2)
+ g2(4 + eϕ + e−ϕ + χ2eϕ) ⋆ 1, (2.12)
which is a bosonic abelian truncation of N = 4, SO(4)
gauged supergravity.
If we further consistently truncate to A ≡ A1 = A2
and ϕ = χ = 0, we obtain
L4 = R ⋆ 1− 2 ⋆ F ∧ F + 6g2 ⋆ 1, (2.13)
which is simply Einstein–Maxwell theory with a negative
cosmological constant. This is the bosonic sector of N =
2 minimal gauged supergravity.
D. Symplectic structure
One fundamental object of interest of any theory is the
symplectic structure, which is a two-form on the space
spanned by all the fields, which we denote as {Φi}. The
covariant phase space definition (see e.g. [44]) is
ω(δ1Φ
i, δ2Φ
i) = δ2Θ(δ1Φ
i)− δ1Θ(δ2Φi), (2.14)
whereΘ is the pre-symplectic form defined from the vari-
ation of the action
δL =
δL
δΦi
δΦi + dΘ(δΦ). (2.15)
The invariant symplectic structure defined solely from
the equations of motion [45] differs from the covariant
phase space definition by a boundary term. Since this
boundary term has no influence on the present discussion,
6we will simply ignore it and only present the covariant
phase space definition.
The pre-symplectic form for a Lagrangian of the form
L4/16πG, with L4 given by the general form (2.8), can
be worked out. The fields are Φi = (gµν ,Φ
A,AI). The
result is (see e.g. [46])
Θ = ⋆X =
1
3!
ǫµα1α2α3X
µ dxα1 ∧ dxα2 ∧ dxα3 ,
Xµ =
1
16πG
[
(∇νhνµ −∇µh)− fAB(Φ)∇µχBδχA
− (kIJ (Φ)FJµν − hIJ(Φ)ǫµνρσFJρσ)δAIν
]
. (2.16)
Here we defined hµν = δgµν , h
µν = gµαgνβhαβ and h =
gαβhαβ.
III. U(1)4 DYONIC STATIC BLACK HOLES
A generating solution for the general asymptotically
flat, static, non-extremal, dyonic black hole of ungauged
N = 2, U(1)4 supergravity (and, more generally, for
N = 8 supergravity), also known as the STU model,
was obtained a long time ago [19]. More recently, the so-
lution with 8 explicit electromagnetic charges was given
in a simplified form in [18]. The spherically symmetric
metric has the form
ds2 = − R
W
dt2 +
W
R
dr2 +W (dθ2 + sin2 θ dφ2), (3.1)
where R(r) is a quadratic polynomial in r, and W 2(r) is
a quartic polynomial in r. It turns out that it suffices to
modify the metric by replacing R by R+ g2W 2 and one
obtains a solution of N = 2, U(1)4 gauged supergravity
with potential (2.1), with all matter fields unchanged. In-
deed, we checked that the metric accompanied with the
matter fields obeys the field equations using Mathemat-
ica [47]. Static AdS4 black holes have been found by this
method previously [14, 20, 21], but the function W 2 is
substantially more complicated in the general case, be-
cause it does not factorize. The solution depends upon
10 arbitrary parameters: the mass parameter m, the
gauge-coupling constant g, four electric charge param-
eters (δI), and four magnetic charge parameters (γI),
for I = 1, 2, 3, 4. Regular supersymmetric static black
holes with spherical or planar horizons do not exist in
the purely electric or purely magnetic cases [14]. Reg-
ular supersymmetric static black holes do however exist
when the horizon is hyperbolic [76].
Let us first present the static black holes with spherical
horizons. We will then present the limit with planar hori-
zons, which presents interesting simplifications. Static
solutions with hyperbolic horizons can be obtained by
analytic continuation of the static solutions with spheri-
cal horizons.
A. Spherical black hole
1. Metric
The metric is
ds2 = −R+ g
2W 2
W
dt2 +
W dr2
R+ g2W 2
+W (dθ2 + sin2 θ dφ2), (3.2)
where
W 2(r) = R2(r) + 2R(r)(2Mr + V ) + L(r)2, (3.3)
R(r) = r2 − 2mr − n20, (3.4)
L(r) = λ1r + λ0. (3.5)
Here we already note that M is the physical mass, when
it can be defined, which we will discuss in Section III D.
The five constants M,n0, λ1, λ0, V are functions of the
parameters m, γI , δI and can be expressed as follows,
M = mµ1 + n0µ2, (3.6)
n0 = −mν1
ν2
, (3.7)
λ1 = 2(mν2 − n0ν1), (3.8)
λ0 = 4(m
2 + n20)D, (3.9)
V = 2(n0µ1 −mµ2)n0 + 2(m2 + n20)C, (3.10)
where the coefficients µ1, µ2, ν1, ν2, D,C are functions
of only the charge parameters (δI , γI), and are given
in (A1), (A2) and (A6). We choose the orientation
εtrθφ = 1.
The metric (3.2) in the ungauged case g = 0 reduces
to the one presented in [18] upon setting the NUT charge
to zero and identifying V (n0) in [18] with V here. The
parametrization is asymmetrical between the electric (δI)
and magnetic (γI) parameters but symmetrical under
the exchange of indices I = 1, 2, 3, 4. This asymmetry
is rooted in the way the solution was obtained in [18]
from coset model techniques, by first magnetic charg-
ing and then electric charging the Kerr–Taub–NUT seed
with original mass and NUT charges (m,n). The total
NUT charge can be cancelled at the end of the process
by fixing the NUT parameter n = n0(m, δI , γI) in terms
of the remaining parameters, which results in the explicit
expression for n0 displayed in (3.7). While it would be
interesting to obtain a symmetric parametrization of the
black hole, the general features of the solution (the ra-
dial dependence of the various functions and all physical
properties) do not depend upon the parametrization.
2. Matter
The gauge fields and dual gauge fields are
AI = ζI dt+ P I cos θ dφ, A˜I = ζ˜I dt−QI cos θ dφ,
(3.11)
7where the electromagnetic scalars ζI and ζ˜I are
ζI =
−L(P In0 + LI) +R(QIr + V I)
W 2
,
ζ˜I =
L(QIn0 + L˜I) +R(P
Ir + V˜I)
W 2
. (3.12)
The electric charges QI and magnetic charges P
I are
QI = 2
(
m
∂µ1
∂δI
+ n0
∂µ2
∂δI
)
≡ mρ1I + n0ρ2I ,
P I = −2
(
m
∂ν1
∂δI
+ n0
∂ν2
∂δI
)
≡ mπI1 + n0πI2 , (3.13)
where the last expressions are the definitions of
ρ1I , ρ
2
I , π
I
1 , π
I
2 in terms of (δI , γI). The remaining func-
tions LI(r) and L˜I(r) are given in (A3), and the con-
stants V I and V˜I are given in (A5).
The scalar fields are of the form
χi =
fi
r2 + n20 + gi
, eϕi =
r2 + n20 + gi
W
, (3.14)
where
fi = 2(mr + n
2
0)ξi1 − 2n0(r −m)ξi2 + 4(m2 + n20)ξi3,
gi = 2(mr + n
2
0)ηi1 − 2n0(r −m)ηi2 + 4(m2 + n20)ηi3,
(3.15)
and ξi1, ξi2, ξi3, ηi1, ηi2, ηi3 are given in (A8) as func-
tions of the electromagnetic parameters (δI , γI).
3. Special cases
If δI = δ and γI = γ for I = 1, 2, 3, 4, then we have the
dyonic Reissner–Nordstro¨m–AdS solution of Einstein–
Maxwell theory. The conserved charges are then
M =
m[1 + cosh(4δ) cosh(4γ)]
2 cosh(2δ) cosh(2γ)
,
QI =
m sinh(2δ) cosh(4γ)
cosh(2γ)
,
P I =
m sinh(2γ)
cosh(2δ)
, (3.16)
for each I. If we define r′ = r +M − m, Q = QI and
P = P I , then the metric is
ds2 = −f dt2 + dr
′2
f
+ r′2(dθ2 + sin2 θ dφ2), (3.17)
where f = 1 − 2M/r′ + (Q2 + P 2)/r′2 + g2r′4, and the
gauge fields are
AI =
Q
r′
dt+ P cos θ dφ, A˜I =
P
r′
dt−Q cos θ dφ,
(3.18)
which is recognizable as dyonic Reissner–Nordstro¨m–
AdS.
If g = 0, then we have the static and asymptotically
flat limit of the general ungauged solution, which has
recently been found [18]. It is a solution of the so-called
STU model.
If γI = 0, then we have the static AdS black hole with
4 electric charges [14]. If δI = 0, then we have the static
AdS black hole with 4 magnetic charges [14].
If δ2 = δ3 = δ4 = γ2 = γ3 = γ4 = 0, then we have the
static AdS black hole with 1 dyonic gauge field [21].
If δ1 = δ2, γ1 = γ2 and δ3 = δ4 = γ3 = γ4 = 0, then we
have the static AdS black hole with 2 equal dyonic gauge
fields [20].
B. Planar black hole
Static black holes with planar horizons and 8 indepen-
dent electromagnetic charges can be obtained as a limit of
the solution with spherical horizons. We replace t → ǫt,
r → r/ǫ, θ → ǫρ, m → m/ǫ3, δI → ǫδI , γI → ǫγI , and
then take the limit ǫ → 0. We can then switch from
plane polar coordinates (ρ, φ) to cartesian coordinates
(x, y). We use the notation δIJ = δIδJ , δ1234 = δ1δ2δ3δ4,
γIJ = γIγJ , γ1234 = γ1γ2γ3γ4.
The solution with planar horizons has the metric
ds2 = −f dt2 + dr
2
f
+W (dx2 + dy2), (3.19)
where
f(r) =
−2mr + g2W 2
W
,
W 2(r) = r4 + w3mr
3 + w2m
2r2 + w1m
3r + w0m
4,
(3.20)
and where
w3 = 2
∑
I(δ
2
I + γ
2
I ),
w2 = 2[3
∑
I δ
2
Iγ
2
I + 2
∑
I<J(δ
2
IJ + γ
2
IJ − δIJγIJ
+ 2γ1234δIJ/γIJ)],
w1 = 2{(
∑
I δIγI)
2
∑
J(δ
2
J + γ
2
J ) + 4
∑
I(δ
2
1234/δ
2
I
+ γ21234/γ
2
I − δ1234γ2I − γ1234δ2I )
+ 4
∑
I<J [δ1234γIJ(δI/δJ + δJ/δI)
+ γ1234δIJ (γI/γJ + γJ/γI)− δIJγIJ (δ2I + δ2J + γ2I
+ γ2J)]},
w0 = [4(δ1234 + γ1234)−
∑
I δ
2
Iγ
2
I + 2
∑
I<J δIJγIJ ]
2.
(3.21)
Note that the coefficient w0 is the square of a Cay-
ley hyperdeterminant, and is invariant under SL(2,R)3
transformations, see e.g. [48]. We choose the orientation
εtrxy = 1.
8The gauge fields and dual gauge fields are
AI = ζI dt− 12P I(xdy − y dx),
A˜I = ζ˜I dt+
1
2QI (xdy − y dx). (3.22)
The electromagnetic charges are
QI = 2mδI , P
I = 2mγI . (3.23)
The electromagnetic scalars can be expressed concisely
as
ζI =
1
W 2
(
1
2
∂(W 2)
∂δI
+ 2m3rγIZ
)
,
ζ˜I =
1
W 2
(
1
2
∂(W 2)
∂γI
− 2m3rδIZ
)
, (3.24)
where
Z = 2
∑
I
(
(γ2I − δ2I )δIγI + γ1234
δI
γI
− δ1234 γI
δI
)
+
∑
I
(δ2I − γ2I )
∑
J
δJγJ . (3.25)
The scalars are
χ1 =
2m[r(δ2γ3 + δ3γ2 − δ1γ4 − δ4γ1) +mf1]
r2 + 2mr(δ22 + δ
2
3 + γ
2
1 + γ
2
4) +m
2g1
,
eϕ1 =
r2 + 2mr(δ22 + δ
2
3 + γ
2
1 + γ
2
4) +m
2g1
W
, (3.26)
where
f1 = (δ2γ2 + δ3γ3 − δ1γ1 − δ4γ4)(δ14 + δ23 + γ14 + γ23),
g1 = 4(δ23 + γ14)
2 + (δ1γ1 + δ4γ4 − δ2γ2 − δ3γ3)2,
(3.27)
with ϕ2, ϕ3, χ2 and χ3 obtained by appropriate inter-
change of indices.
Note that in the planar limit the parametrization is
symmetrical between the electric charges δI and magnetic
charges γI . It is possible to periodically identify x and y,
in which case the horizons are toroidal.
As for spherical horizons, various special cases with
planar horizons have been given before [14, 20, 21, 49].
The planar solution for Einstein–Maxwell theory has
been known for a long time, see e.g. [50], and much used
in the AdS/CFT correspondence.
C. Hyperbolic horizon
From the static solution with a spherical hori-
zon, we may perform the analytic continuations
(t, r, θ,m, δI , γI) → i(t, r, θ,−m, δI , γI) to obtain a so-
lution with a hyperbolic horizon. Conversely, for the hy-
perbolic solution, (t, r, θ,m, δI , γI) are analytic continu-
ations of the spherical −i(t, r, θ,−m, δI , γI), so it is con-
venient in the hyperbolic case to define (n0, ζ
I , ζ˜I) to be
the analytic continuations of the spherical i(n0, ζ
I , ζ˜I).
We also define W 2, QI , P
I , ξi1, ξi2, ξi3, ηi1, ηi2, ηi3 to be
the analytic continuations of their spherical counterparts.
W is defined as the positive square root of W 2, before or
after analytic continuation.
The solution with a hyperbolic horizon has the metric
ds2 = −f dt2 + dr
2
f
+W (dθ2 + sinh2 θ dφ2), (3.28)
where
f =
r2
W
(
− 1− 2m
r
+
n20
r2
+ g2W 2
)
. (3.29)
The gauge fields and dual gauge fields are
AI = ζI dt+ P I cosh θ dφ, A˜I = ζ˜I dt−QI cosh θ dφ.
(3.30)
The scalars are
χi =
fi
r2 + n20 + gi
, eϕi =
r2 + n20 + gi
W
, (3.31)
where
fi = 2(n
2
0 −mr)ξi1 + 2n0(r +m)ξi2 + 4(m2 + n20)ξi3,
gi = 2(n
2
0 −mr)ηi1 + 2n0(r +m)ηi2 + 4(m2 + n20)ηi3.
(3.32)
Some special cases have been considered previously. As
for the spherical case, the purely electric solutions with
γI = 0 and the purely magnetic solutions with δI = 0
were given in [14, 49] (except in our parameterization,
real δI and γI give real gauge fields). Similarly, there are
the dyonic solutions [20, 21]. The hyperbolic version of
Reissner–Nordstro¨m–AdS, with δI = δ and γI = γ, has
been known for a long time, see e.g. [50], but its physics
was studied later [51–55].
D. Thermodynamics
1. Mass
In asymptotically flat spacetimes, the mass can be de-
fined unambiguously from the Arnowitt–Deser–Misner
(ADM) surface charge or from a Komar integral, and is
evaluated as M/G where G is Newton’s constant and M
is written in (3.6). In asymptotically AdS spacetimes, the
computation of the mass presents several subtleties (see
e.g. [56, 57]). The Abbott–Deser formula [58], valid in
Einstein gravity with a cosmological constant, is in gen-
eral not valid when slowly falling scalar fields are present.
In the example of the static solution of N = 2 gauged
supergravity with four independent electric charges, it
was observed that the mass is not given by the Abbott–
Deser formula [21, 57]. In fact, the contributions of the
scalar fields to the mass can be evaluated explicitly and
9uniquely (see e.g. [46, 60, 61]) for any stationary solu-
tion, using either Hamiltonian [62, 63] or Lagrangian
[44, 45, 58, 64] canonical methods. Holographic methods
[65] could also be used. Here we simply implement the
canonical methods on the theory at hand and uniquely
compute the mass. The explicit formulae for the con-
served charges of a Lagrangian of the form (2.8) can be
found in [46].
From now on, we set the NUT charge to zero and con-
sider spherical horizons. In order to perform the asymp-
totic analysis, it is convenient to first expand W 2(r) and
the scalar fields (ϕi, χi), as
W 2(r) = r4 + w3mr
3 + w2m
2r2 + w1m
3r + w0m
4,
ϕi =
Σi
r
+
Σ
(2)
i
r2
+O(r−3),
χi =
Ξi
r
+
Ξ
(2)
i
r2
+O(r−3). (3.33)
The various coefficients can be obtained from the defini-
tions (3.3) and (3.14). It is only important to notice the
relationships
w3 = 4
(
M
m
− 1
)
, (3.34)
w2 =
3
8
w23 −
1
2m2
∑
i
(Σ2i + Ξ
2
i ), (3.35)
w1 =
1
16
w33 −
5
12m2
w3
∑
i
(Σ2i + Ξ
2
i )
− 1
3m3
∑
i
(ΣiΞ
2
i + 2Σ
(2)
i Σi + 2Ξ
(2)
i Ξi), (3.36)
which can be checked explicitly.
The contribution to an infinitesimal variation of the
mass coming from the Einstein term in the action can be
obtained with the result
GδMEinstein =
g2
32
δ
[
(8w2 − 3w23)m2
]
r +O(r0). (3.37)
The linear divergence in r is a clear sign that matter fields
are contributing to the mass. One can easily check that
the gauge fields are not contributing to the mass using the
explicit formulae for the conserved charges [46]. Since the
magnetic monopole fields do not enter the expression for
the mass at radial infinity, there is no subtlety associated
with Dirac strings or singularities of the gauge fields. The
scalar field contribution reads
GδMscalars = − 1
16π
∑
i
∫
dθ dφ
√−ggrr(δϕi∂rϕi
+ e2ϕiδχi∂rχi). (3.38)
For asymptotically flat black holes, δMscalars = O(r
−1),
and the scalars do not contribute to the mass. For asymp-
totically AdS black holes, there is an additional quartic
branch in grr and we obtain a linearly divergent term as
well as a finite term:
GδMscalars =
g2r
8
∑
i
δ(Σ2i + Ξ
2
i ) +O(r
0). (3.39)
Summing up the two contributions (3.37) and (3.39) and
using (3.35), the linearly divergent terms cancel. The
variation of the mass then takes the finite form,
GδM = δM + g
2
12
∑
i
[−(Ξ2i +Σ2i )δ(M −m)
+ 12 (M −m)δ(Ξ2i +Σ2i ) + 2Ξ(2)i δΞi − ΞiδΞ(2)i
+ 2Σ
(2)
i δΣi − ΣiδΣ(2)i +Σiδ(Ξ2i )− 2Ξ2i δΣi].
(3.40)
The variations proportional to δm exactly cancel in the
last term. Therefore, if the mass is integrable, its value
will be M = M/G. The integrability condition then
amounts to
I = 0, (3.41)
where
I ≡ g2
∑
i
[δ2(Σ
(2)
i − Ξ2i ) ∧ δ1Σi + δ2Ξ(2)i ∧ δ1Ξi
− 12δ2(Ξ2i +Σ2i )δ1(M −m)− (1↔ 2)]. (3.42)
Let us now discuss the physical content of the integrabil-
ity condition. It turns out that for generic values of the
electric and magnetic charge parameters, the integrabil-
ity condition is not obeyed, and therefore, the mass does
not exist. The non-integrability of the mass comes more
precisely from the presence of non-trivial scalar field pro-
files when the gauge fields with both electric and mag-
netic charges are turned on. This non-integrability is
rooted in the non-existence of a phase space with such
generic variations. Indeed, one can evaluate the sym-
plectic flux (2.14) on constant r slices when r →∞ using
(3.35). The result is
ω(δ1φ, δ2φ)|r fixed = I sin θ dt∧dθ∧dφ+O(r−1), (3.43)
where I is given in (3.42). One fundamental requirement
of consistent boundary conditions is that the symplectic
form has to be conserved, i.e. the symplectic flux at in-
finity should be zero. Therefore, the mass does not have
to exist, since there is no classical phase space that con-
tains generic independently varying electric and magnetic
charges. In the case studied in [21], where one U(1) gauge
field is turned on, one can also check that the mass is not
generically defined, which follows from the non-existence
of a conserved symplectic structure.
In the cases where we expect a phase space to be de-
fined, such as only electric charges (all P I = 0) or only
magnetic charges (all QI = 0), where a dual CFT de-
scription should be available [38], the mass should also
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be defined, and indeed it is. One can check that I = 0
for these cases, and the mass is then M =M/G.
Quite surprisingly, there are also cases with indepen-
dent electric and magnetic charges where the symplectic
flux vanishes (I = 0), and the mass is defined. These
boundary conditions will violate boundary Lorentz in-
variance and therefore will be outside of the standard
AdS/CFT description. One such example is when the
gauge fields are pairwise equal, e.g. Q1 = Q4, Q2 = Q3,
P 1 = P 4, P 2 = P 3 (which is equivalent to δ1 = δ4,
δ2 = δ3, γ1 = γ4, γ2 = γ3). This includes as a subcase
the dyonic Reissner-Nordtro¨m–AdS black hole.
Quite intriguingly, at least three additional distinct
cases arise where the integrability conditions I = 0 are
obeyed. The first case is when all four electric and mag-
netic charges are set equal or opposite to each other
P I = ±QI , I = 1, 2, 3, 4, with an even number of mi-
nus signs. The second case arises with two vanishing sets
of charges, let say Q1 = Q2 = P
1 = P 2 = 0, and with
the two remaining sets of charges obeying Q3 = ±P 3,
Q4 = ±P 4 for any choice of signs. The third case arises
when all but one set of charges vanishes, let say Q1 and
P 1, with Q1 = ±P 1. The last case was discussed in [21].
For free gauge fields in AdS4, one has an SL(2,Z) family
of Lorentz-invariant boundary conditions [38]. Here, we
find a smaller set of mixed boundary conditions, which
are very restricted by the interactions with the scalar
fields. Other examples might exist, since we were not
able to perform a complete classification of the solutions
to I = 0.
2. Other conserved charges
Let us obtain the electromagnetic charges and the an-
gular momentum of the solution. Using the canonical
expressions for the charges [46] for the Lagrangian (2.8),
one obtains the electromagnetic charges in geometrical
units, QI =
1
4GQI and P
I
= 14GP
I . Since electric and
magnetic charges are present, the definition of angular
momentum requires more care.
The angular momentum is usually associated with the
large gauge transformation (ξ,ΛI) = (−∂/∂φ, 0), where
ξ is the generator of a diffeomorphism, and ΛI are gen-
erators of U(1) gauge transformations. However, in the
presence of magnetic charges, the definition has to be
modified. Remember that in the presence of magnetic
charges, the gauge field AI might be defined in the north
and south patches as
AInorth = P
I(cos θ − 1) dφ+O(r−1),
AIsouth = P
I(cos θ + 1) dφ+O(r−1). (3.44)
One requirement from the applicability of the canonical
formalism at r → ∞ is that ξµAIµ + ΛI has to be con-
tinuous across the equator at r → ∞ [66]. We define
the magnetic charges of the gauge field AI as defined in
(2.8) by PI , I = 1, 2, 3, 4, namely P1 = P 1, P2 = −Q2,
P3 = −Q3 and P4 = P 4. The angular momentum can
then be defined as associated with (−∂/∂φ,ΛI) where
ΛInorth = −PI , ΛIsouth = PI . One can then check that
the angular momentum is zero. Indeed, one has explic-
itly
δJ =
∫
(d2x)µν
16πG
[
δT µνI (A
I
φ + Λ
I) + T µνI δA
I
φ
]
, (3.45)
where T µνI = kIJF
Jµν−hIJǫµνλσFJλσ. Evaluating on the
sphere at infinity S2∞ and using
kIJ = δIJ +O(r
−1), hIJ = O(r−1), (3.46)
one then has
δJ =
1
16πG
∫
S2
∞
dθ dφ r2FtrI δA
I
φ = 0, (3.47)
after a non-trivial cancellation between the north and
south patches. Physically, since the magnetic monopole
sits on the electric monopole, no net angular momentum
is produced.
3. First law
Black hole solutions have horizons at r = r±, which
are the roots of the polynomial Rg(r) defined as
Rg(r) = R(r) + g
2W 2(r), (3.48)
where R and W are given in (3.3) and (3.4). From the
geometry, we obtain the temperature T and entropy S
T =
R′g(r+)
4πW (r+)
, S =
π
G
W (r+), (3.49)
where prime denotes radial derivative. The electric and
magnetic potentials on the horizon are respectively
ΦI = ζI(r+), ΨI = ζ˜I(r+). (3.50)
In the asymptotically flat case (g = 0), these expressions
can be simplified after using the propertyW (r+) = L(r+)
as
ΦI |flat = −P
In0 + L
I(r+)
L(r+)
, ΨI |flat = QIn0 + L˜I(r+)
L(r+)
,
(3.51)
but there is no obvious simplification in the asymptoti-
cally AdS case.
For each boundary condition where we explicitly
checked that the mass can be defined, we find that the
thermodynamic quantities satisfy the first law of thermo-
dynamics
δM = T δS +
4∑
I=1
(ΦI δQI +ΨI δP
I
), (3.52)
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where QI =
1
4GQI and P
I
= 14GP
I are the electromag-
netic charges in geometrical units obtained earlier.
We finally note that the thermodynamics may be stud-
ied similarly for the solutions with planar or hyperbolic
horizons. The thermodynamic quantities for the planar
solutions can easily be read off from the solution. The
thermodynamic quantities for hyperbolic horizons can be
obtained from those of the solution with a spherical hori-
zon by analytic continuation.
IV. U(1)2 DYONIC ROTATING BLACK HOLES
Let us now present rotating solutions to the La-
grangian with the four gauge fields set pairwise equal,
(2.10) or equivalently (2.12). The general stationary ro-
tating black hole of N = 2, U(1)2 ungauged supergrav-
ity was found in [67], and is asymptotically flat or more
generally asymptotically Taub–NUT. A generalization of
this black hole to N = 2, U(1)4 ungauged supergravity
was presented in a simplified form in [18]. Using the (r, u)
symmetric notation [15], the metric can be written as
ds2 = − R̂
Ŵ
(
dt̂− â
2 − û1û2
â
dφ̂
)2
+
Ŵ
R̂
dr̂2
+
Û
Ŵ
(
dt̂− r̂1r̂2 + â
2
â
dφ̂
)2
+
Ŵ
Û
dû2, (4.1)
where Ŵ = r̂1r̂2 + û1û2; R̂(r̂) and Û(û) are quadratic
polynomials of their arguments; and r̂a, ûa for a = 1, 2
are linear functions of r̂, û, respectively. One can think of
û as a function of cos θ, where θ is the polar angle. Fol-
lowing [15], it turns out that one can obtain a solution to
U(1)2 gauged supergravity upon replacing the functions
as
R̂→ R̂ + g2r̂1r̂2(r̂1r̂2 + â2), (4.2)
Û → Û + g2û1û2(û1û2 − â2), (4.3)
with everything else untouched, including the matter
fields. In order to set the metric in an asymptotically AdS
coordinate system, an analysis a` la Griffiths–Podolsky´
[35] is necessary, which we will perform in Section IVB.
Since the interest of these solutions is the inclusion of
angular momentum, we will only discuss the black hole
solutions with spherical horizons.
A. General solution
1. Metric
We use hatted coordinates to emphasize that the so-
lution is not in an asymptotically AdS coordinate sys-
tem. The coordinates are rotating at infinity and φ̂ is not
canonically normalized. However, this coordinate system
is convenient for expressing the solution in a simple form.
Using the notations of [15], the metric is
ds2 = − R̂g
Ŵ
(
dt̂− â
2 − û1û2
â
dφ̂
)2
+
Ŵ
R̂g
dr̂2
+
Ûg
Ŵ
(
dt̂− r̂1r̂2 + â
2
â
dφ̂
)2
+
Ŵ
Ûg
dû2, (4.4)
where
R̂g(r̂) = r̂
2 − 2m̂r̂ + â2 + g2r̂1r̂2(r̂1r̂2 + â2),
Ûg(û) = −û2 + 2n̂û+ â2 + g2û1û2(û1û2 − â2),
Ŵ (r̂, û) = r̂1r̂2 + û1û2. (4.5)
The variables r̂a, ûa are defined as
r̂a = r̂ +∆r̂a, ûa = û+∆ûa, (4.6)
where
∆r̂1 = m̂[cosh(2δ1) cosh(2γ2)− 1]
+ n̂ sinh(2δ1) sinh(2γ1),
∆r̂2 = m̂[cosh(2δ2) cosh(2γ1)− 1]
+ n̂ sinh(2δ2) sinh(2γ2),
∆û1 = n̂[cosh(2δ1) cosh(2γ2)− 1]
− m̂ sinh(2δ1) sinh(2γ1),
∆û2 = n̂[cosh(2δ2) cosh(2γ1)− 1]
− m̂ sinh(2δ2) sinh(2γ2). (4.7)
It is convenient to define the linear combinations of
∆r̂a,∆ûa, as
Σ∆r =
1
2 (∆r̂1 +∆r̂2), ∆∆r =
1
2 (∆r̂2 −∆r̂1),
Σ∆u =
1
2 (∆û1 +∆û2), ∆∆u =
1
2 (∆û2 −∆û1). (4.8)
We define
M = m̂+Σ∆r, N = n̂+ Σ∆u, (4.9)
which are the physical mass and NUT charge in the
asymptotically flat case when no gauging is present (g =
0). It turns out that the total NUT charge in asymp-
totically AdS spacetime vanishes when N = 0 as we will
explicitly show in Section IVB. The NUT charge can
therefore be cancelled upon setting n̂ = n̂0, where
n̂0 =
sinh(2γ1) sinh(2δ1) + sinh(2γ2) sinh(2δ2)
cosh(2γ1) cosh(2δ2) + cosh(2γ2) cosh(2δ1)
m̂.
(4.10)
We fix the orientation as εtrφu = 1.
2. Matter
The electromagnetic charges are
Q1 =
∂M
∂δ1
=
1
2
∂r̂1
∂δ1
, Q2 =
∂M
∂δ2
=
1
2
∂r̂2
∂δ2
,
P 1 = −∂N
∂δ1
= −1
2
∂û1
∂δ1
, P 2 = −∂N
∂δ2
= −1
2
∂û2
∂δ2
.
(4.11)
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The gauge fields and dual gauge fields are
A1 = ζ1(dt̂− â dφ̂) + r̂2û2ζ˜1
â
dφ̂,
A2 = ζ2(dt̂− â dφ̂) + r̂1û1ζ˜2
â
dφ̂,
A˜1 = ζ˜1(dt̂− âdφ̂)− r̂1û1ζ
1
â
dφ̂,
A˜2 = ζ˜2(dt̂− âdφ̂)− r̂2û2ζ
2
â
dφ̂, (4.12)
where the 3-dimensional electromagnetic scalars are
ζ1 =
1
2Ŵ
∂Ŵ
∂δ1
=
Q1r̂2 − P 1û2
Ŵ
, ζ˜1 =
Q1û1 + P
1r̂1
Ŵ
,
ζ2 =
1
2Ŵ
∂Ŵ
∂δ2
=
Q2r̂1 − P 2û1
Ŵ
, ζ˜2 =
Q2û2 + P
2r̂2
Ŵ
.
(4.13)
Here, partial differentiation is done for generic n̂ and the
result is then evaluated on n̂ = n̂0. The scalar fields are
given by
χ =
r̂2û1 − r̂1û2
r̂22 + û
2
2
, eϕ =
r̂22 + û
2
2
Ŵ
. (4.14)
It is quite remarkable that the gauge fields have such
simple expressions in terms of the scalars ζI and ζ˜I , and
that the scalars themselves are simple. We checked that
the metric (4.4), accompanied with the matter fields, is
a solution to the field equations of the Lagrangian (2.10)
using Mathematica [47].
B. Asymptotically AdS coordinates
We have presented a local form of the metric and the
matter fields. The identification of the total NUT charge
and the global identifications of coordinates necessary in
order to have a regular solution can be obtained by find-
ing a suitable asymptotically AdS coordinate system in
the asymptotic region. We follow the method of Griffiths
and Podolsky´ [35], which consists of setting the metric
in a suitable generalization of the Pleban´ski–Demian´ski
form for which the analysis can be done most easily.
Starting from the coordinates (r̂, û, φ̂, t̂), we define the
new coordinates (r, p, φ, t) as
r̂ = βr − Σ∆r, (4.15)
φ̂ =
â
β3a
φ, (4.16)
û = β(Ng + ap)− Σ∆u, (4.17)
t̂ =
t
β
+
â2 +∆2∆u − (Ng + a)2β2
aβ3
φ (4.18)
where a, β, Ng are three constants that we will fix
shortly in terms of the parameters of the solution. The
metric then reads as
ds2 = −Rg
W
(
dt− [2Ng(1− p) + a(1− p2)] dφ
)2
+
Pg
W
(
a dt− [r2 − v2 + (Ng + a)2] dφ
)2
+W
(
dr2
Rg
+
dp2
Pg
)
, (4.19)
with
W = r2 + (Ng + ap)
2 − v2,
Rg = k + e
2 − 2mr + (ǫ − 2g2v2)r2 + g2r4,
Pg = a0 + a1p+ a2p
2 + a3p
3 + a4p
4, (4.20)
where
a0 = a
−2(k −N2g ǫ+ 2nNg + g2N4g ),
a1 = 2a
−1(n−Ngǫ+ 2g2N3g ),
a2 = 6g
2N2g − ǫ,
a3 = 4ag
2Ng,
a4 = g
2a2, (4.21)
and one can express the new parameters (ǫ, k, e,m, n, v)
in terms of the old ones as
m = β−3(m̂+Σ∆r), (4.22)
n = β−3(n̂+Σ∆u), (4.23)
v2 = β−2(∆2∆r +∆
2
∆u), (4.24)
ǫ = β−2[1 + g2(â2 + 2∆2∆u)], (4.25)
k = β−4[â2 − 2n̂Σ∆u − Σ2∆u + g2∆2∆u(â2 +∆2∆u)],
(4.26)
e2 + k = β−4[â2 + 2m̂Σ∆r +Σ2∆r − g2∆2∆r(â2 −∆2∆r)].
(4.27)
We have set the metric in a form where the treatment
of [35] is applicable. Note that our metric is slightly
more general than the non-accelerating metric studied
in [35] (obtained by setting their α to zero), since here
v is generically non-zero. In generalizing the Griffiths–
Podolsky´ form, we insisted on keeping the same depen-
dence for p-dependent functions, since this dependence
is used to discuss the range of the angular coordinates of
the solutions. Instead, the radial dependence is changed
by O(r−2) terms that do not affect the analysis.
When Pg has two real roots (which is the case of in-
terest here), one can choose to put these real roots at 1
and −1,
Pg = (1− p2)(a0 − a3p− a4p2), (4.28)
which implies that the above coefficients obey a1 + a3 =
0 = a0+a2+a4. These two conditions provide two linear
equations that specify ǫ and n in terms of a and Ng as
ǫ =
k
a2 −N2g
+ g2(a2 + 3N2g ), (4.29)
n =
kNg
a2 −N2g
+ g2Ng(N
2
g − a2). (4.30)
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The parameter Ng is then recognized as the total NUT
charge since the metric admits a NUT singularity pro-
portional to Ng at the pole p = −1. The condition that
the NUT charge Ng is zero is equivalent to n = 0, which
from (4.23) translates into
n̂+Σ∆u = 0, (4.31)
which is equivalent to (4.10). This justifies therefore our
previous claim.
Let us assume a0 > 0. This assumption can be verified
for all Pleban´ski–Demian´ski black holes and for our gen-
eral black holes when Ng = 0. We can then set a0 = 1 us-
ing the remaining scaling symmetry. The equation a0 = 1
can be solved for k as
k = (a2 −N2g )(1 + 3g2N2g ). (4.32)
Hence, equations (4.29) and (4.30) become
ǫ = 1 + g2(a2 + 6N2g ), (4.33)
n = Ng[1− g2(a2 − 4N2g )]. (4.34)
After setting p = cos θ and φ = φ˜Ξ−1, where
Ξ = 1− a2g2 − 4aNgg2, (4.35)
the metric in (t, r, θ, φ˜) coordinates becomes
ds2 = −Rg
W
(
dt− a sin
2 θ + 4Ng sin
2(θ/2)
Ξ
dφ˜
)2
+
Θg sin
2 θ
W
(
a dt− L
Ξ
dφ˜
)2
+W
(
dr2
Rg
+
dθ2
Θg
)
,
(4.36)
with
Rg(r) = r
2 − 2mr + a2 + e2 −N2g + g2[r4
+ (a2 + 6N2g − 2v2)r2 + 3N2g (a2 −N2g )],
(4.37)
Θg(θ) = 1− a2g2 cos2 θ − 4ag2Ng cos θ, (4.38)
W (r, θ) = r2 + (Ng + a cos θ)
2 − v2, (4.39)
L(r) = r2 + (Ng + a)
2 − v2, (4.40)
which is a straightforward generalization of the Kerr–
Newman–Taub–NUT–AdS solution. The solution is reg-
ular at the north and south poles θ = 0, π upon identify-
ing φ˜ ∼ φ˜+ 2π with 0 ≤ θ ≤ π.
When the NUT charge is zero, the (t, φ˜) coordinate
frame is rotating at infinity, but provides a concise way
of stating the solution. To obtain a coordinate frame that
is static at infinity, we should use
φ = φ˜+ ag2t, (4.41)
which also has period 2π. Furthermore, manifestly
asymptotically AdS coordinates (t, r∗, θ∗, φ) can be ob-
tained from (t, r, θ, φ) coordinates as
r = r∗
√
1− a2g2 sin2 θ∗
(
1
+
v2 − a2 sin2 θ∗[1− g2(v2 − a2)]
2(1− a2g2 sin2 θ∗)2r2∗
+O(r−4∗ )
)
,
sin θ =
√
Ξ√
1− a2g2 sin2 θ∗
sin θ∗
(
1
− a
2 cos θ∗
2(1− a2g2 sin2 θ∗)2r2∗
+O(r−4∗ )
)
, (4.42)
The metric reads as
ds2 = −(1 + g2r2∗)dt2 +
dr2∗
1 + g2r2∗
+ r2∗(dθ
2
∗ + sin
2 θ∗ dφ2)
+ hµν dx
µ dxν (4.43)
with
htt = O(r
−1
∗ ), htφ = O(r
−1
∗ ), hφφ = O(r
−1
∗ ),
htr∗ = ht∗θ∗ = hφr∗ = hφθ∗ = 0,
hr∗r∗ = −
v2
g2(1 − g2a2 sin2 θ∗)r4∗
+O(r−5∗ ),
hr∗θ∗ = O(r
−3
∗ ), hθ∗θ∗ = O(r
−2
∗ ). (4.44)
and the coordinates are identified as 0 ≤ θ∗ ≤ π. This
completes our program of finding a global coordinate sys-
tem for the solution in the asymptotic region.
In the presence of scalar fields, asymptotically AdS
boundary conditions are generically modified while the
asymptotic symmetry group is generically unchanged, see
e.g. [59, 60]. Here, when v 6= 0, the metric (4.43) does
not obey the Henneaux–Teitelboim boundary conditions
[36]. When only electric charges are allowed, we expect
that the asymptotic symmetry group is still the SO(3, 2)
group. When both electric and magnetic charges are al-
lowed to be varied, boundary conditions for the gauge
fields violate Lorentz invariance as we discussed in the
introduction. We then expect that the asymptotic sym-
metry group only consists of the Galilean group of rota-
tions and translations.
In order to express the solution in terms of the original
parameters (m̂, n̂, â), we can compare the solutions for
(ǫ, k) in (4.32) and (4.33) with (4.26) and (4.25). Com-
paring ǫ shows that β is given by
β2 =
1 + g2(â2 + 2∆2∆u)
1 + g2(a2 + 6N2g )
. (4.45)
Comparing k/ǫ2 shows that â and a are related by a
quadratic equation for â2 in terms of a2 and vice versa.
When Ng = 0, this relation reduces to
â2 − Σ2∆u + g2∆2∆u(â2 +∆2∆u)
[1 + g2(â2 + 2∆2∆u)]
2
=
a2
(1 + a2g2)2
. (4.46)
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If furthermore ∆∆u = 0 = Σ∆u, then the two solutions
are â2 = a2 and â2 = a−2g−4. We select the branch
that is smooth in the limit g → 0, which reduces in pure
gravity to â = a. This fixes uniquely the relationship
between â and a. The parameters (m,n) are then related
to (m̂, n̂) by (4.22) and (4.23) where β is given by (4.45).
To summarize, the solution depends on the gauge-
coupling constant g and 7 other parameters: the mass
parameter m, the NUT charge Ng, the rotation pa-
rameter a, and four electromagnetic charge param-
eters Σ∆r,∆∆r,Σ∆u,∆∆u. From the original solu-
tion expressed with hatted parameters (m̂, n̂, â), and
charge parameters (δ1, δ2, γ1, γ2), it is trivial to compute
Σ∆r,∆∆r,Σ∆u,∆∆u from (4.8). a is then computed from
(4.46), or its generalization to non-zero NUT charge. β
is then computed from (4.45), with which m and n are
computed using (4.22) and (4.23). Finally, v and e can
be computed using (4.24), (4.26) and (4.27).
The matter fields can then be expressed in the coordi-
nates (t, r, θ, φ˜). In the asymptotically AdS case, setting
Ng = 0, we notice that Ŵ = β
2W and
r̂1 = βr −∆∆r, r̂2 = βr +∆∆r,
û1 = βa cos θ −∆∆u, û2 = βa cos θ +∆∆u. (4.47)
We can immediately express the scalar fields (4.14) in the
new coordinates. The gauge fields are
A1 =
Q1
β2W
(r + β−1∆∆r)
(
dt− a sin
2 θ
Ξ
dφ˜
)
− P
1
β2W
(a cos θ + β−1∆∆u)
(
dt− L
Ξa
dφ˜
)
,
A2 =
Q2
β2W
(r − β−1∆∆r)
(
dt− a sin
2 θ
Ξ
dφ˜
)
− P
2
β2W
(a cos θ − β−1∆∆u)
(
dt− L
Ξa
dφ˜
)
, (4.48)
and the dual gauge fields are
A˜1 =
P 1
β2W
(r − β−1∆∆r)
(
dt− a sin
2 θ
Ξ
dφ˜
)
+
Q1
β2W
(a cos θ − β−1∆∆u)
(
dt− L
Ξa
dφ˜
)
,
A˜2 =
P 2
β2W
(r + β−1∆∆r)
(
dt− a sin
2 θ
Ξ
dφ˜
)
+
Q2
β2W
(a cos θ + β−1∆∆u)
(
dt− L
Ξa
dφ˜
)
, (4.49)
where W (r, θ) is given by (4.39) and L(r) is given by
(4.40).
C. Known subcases
1. Kerr–Newman–AdS
When δ1 = δ2, γ1 = γ2 and N = 0, one recovers
the dyonic Kerr–Newman–AdS black hole [68, 69]. We
provide some details of this solution, showing its embed-
ding in our more general solution, since it might be the
case best known to the reader. The scalar fields vanish,
χ = 0, ϕ = 0 and the gauge fields are equal, A1 = A2,
A˜1 = A˜2. The field equations are the Einstein–Maxwell
equations with a cosmological constant. We have v = 0,
β4e2 = (Q1)
2 + (P 1)2 and the solution is the standard
Kerr–Newman–AdS solution (see e.g. [70]). To match
the literature, we use the rescaled charge parameters
q = Q1/β
2 and p = P 1/β2. Then the metric is
ds2 = −Rg
W
(
dt− a
Ξ
sin2 θ dφ˜
)2
+W
(
dr2
Rg
+
dθ2
Θg
)
+
Θg sin
2 θ
W
(
a dt− r
2 + a2
Ξ
dφ˜
)2
(4.50)
with
W (r, θ) = r2 + a2 cos2 θ,
Rg(r) = (1 + g
2r2)(r2 + a2)− 2mr + q2 + p2,
Θg(θ) = 1− a2g2 cos2 θ. (4.51)
The gauge field and dual gauge field are
A1 =
qr
W
(
dt− a sin
2 θ
Ξ
dφ˜
)
− pa cos θ
W
(
dt− r
2 + a2
Ξa
dφ˜
)
,
A˜1 =
pr
W
(
dt− a sin
2 θ
Ξ
dφ˜
)
+
qa cos θ
W
(
dt− r
2 + a2
Ξa
dφ˜
)
. (4.52)
The physical electric and magnetic charges will be de-
rived in (4.63). Note that the parametrization of the
electric and magnetic charge is still intricate. One has
q = β−2Q1 = β−2m̂
cosh(4γ1) sinh(2δ1)
cosh(2γ1)
,
p = β−2P 1 = β−2m̂
sinh(2γ1)
cosh(2δ1)
. (4.53)
If however the black hole is only electrically or magnet-
ically charged, then β = 1 and the parametrization is
optimal in terms of a single hyperbolic function.
2. Ungauged solutions
In the ungauged limit g = 0, one recovers the solu-
tion of N = 4 supergravity [67], restricting to 2 of the 6
vectors, and to scalars that vanish at infinity. A further
specialization of taking δ2 = γ2 = 0 gives the solution of
Einstein–Maxwell–dilaton–axion gravity [71], restricting
to scalars that vanish at infinity. To match with these,
take our solution in (t̂, r̂, û, φ̂) coordinates. Note that
Ŵ = (r̂ +Σ∆r)
2 + (û+Σ∆u)
2 − υ2, (4.54)
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where
(M2 +N2)υ2 = ∆22 −∆4 (4.55)
and ∆2 and ∆4 are defined as
∆2 =
1
4
2∑
a=1
(
(Qa)
2 + (P a)2
)
, ∆4 =
1
4
(Q1Q2 + P
1P 2)2.
(4.56)
Alternatively, we have
16(M2 +N2)υ2 = [(Q1)
2 + (P 2)2 − (Q2)2 − (P 1)2]2
+ 4(Q1P
1 −Q2P 2)2, (4.57)
which shows that υ2 is non-negative. To match with [67],
we dualize the second gauge field and make the identifica-
tions Q1 = 2Q
(1), P1 = 2P
(1), Q2 = 2P
(2), P 2 = −2Q(2),
so that υ2 = |Υ|2 there. Now make the coordinate change
r̂ + Σ∆r = r +M and û + Σ∆u = N + α cos θ, â = α,
and the solution is seen to match. To match with [71],
set δ2 = γ2 = 0, Q1 = 2Q, P
1 = 2P , and perform similar
translations of r̂ and û.
This ungauged solution is also a subset of the general
black hole solution discussed in [18], which has 4 electric
charges and 4 magnetic charges. Indeed, defining the
shifted coordinate t̂0 as
t̂ = t̂0 − ∆û1∆û2
â
φ̂, (4.58)
the metric reads as
ds2 = Ŵ
(
dr̂2
R̂g
+
dû2
Ûg
)
− R̂g
Ŵ
(
dt̂0 − Û(û)− 2Nû
â
dφ̂
)2
+
Ûg
Ŵ
(
dt̂0 − R̂(r̂) + 2Mr̂ + V2
â
dφ̂
)2
, (4.59)
where
Ŵ (r̂, û) = R(r̂)− U(û) + 2Mr̂ + 2Nû+ V2,
R̂g(r̂) = R(r̂) + g
2r̂1r̂2(r̂1r̂2 + â
2),
Ûg(û) = U(û) + g
2û1û2(û1û2 − â2),
R(r̂) = r̂2 − 2m̂r̂ + â2
U(û) = −û2 + 2n̂û+ â2,
V2 = ∆r̂1∆r̂2 +∆û1∆û2. (4.60)
One can compare this metric to the one written in [18],
when one restricts the solution of [18] to pairwise equal
gauge fields in order to be a solution of N = 2, U(1)2
supergravity. The metrics match, upon recognizing that
the function L(r) defined in [18] is given by 2Mr + V2
in the case of pairwise equal gauge fields, and making
the change of parameters and variables â2 = a2−n2 and
φ̂/â = φ/a.
3. Gauged solutions
If γ1 = γ2 = 0, then we have the solution of [15] that
is electrically charged and includes a NUT charge. If
furthermore the NUT charge vanishes, then we have the
simplifications that ∆û1 = ∆û2 = 0, â = a and β = 1.
We shall later reexamine the supersymmetric asymptot-
ically AdS solutions within this class.
D. Thermodynamics
1. Conserved charges
The crux of the analysis of black hole thermodynamics
is the definition of the black hole mass. We follow here
the canonical Lagrangian definitions [44, 45, 58, 62, 64].
The explicit form of the conserved charge associated with
a symmetry of a Lagrangian of the form (2.8) has been
derived in [46]. The definition of angular momentum
can be obtained from the same formalism. For special
cases, the thermodynamical quantities have been previ-
ously computed in [65, 70, 72, 73].
We will set the NUT charge to zero from now on, which
implies n = N = Ng = 0. As emphasized in [56], the
thermodynamics is best understood using a non-rotating
frame at infinity. Since the coordinate frame (t, r, θ, φ)
is non-rotating at infinity, in these coordinates the mass
and angular momentum and associated with the respec-
tive Killing vectors ∂/∂t and −∂/∂φ.
The gravitational contribution (which is derived from
the Einstein action) to the angular momentum is finite
and integrable. The gravitational contribution to the
mass is linearly divergent in r and not integrable. The
matter sector therefore contributes to the charges. Look-
ing at the asymptotic form of the canonical expression for
the conserved charges, we notice that the gauge fields do
not contribute to the mass or angular momentum. The
scalar fields do not contribute to the angular momentum
but they do contribute to the mass. More precisely, the
scalar fields contribute to a linearly divergent piece in r,
but do not contribute to the finite r0 piece. This linearly
divergent piece exactly cancels the divergence in the grav-
itational contribution, after using the explicit asymptotic
form
ϕ = 2
∆∆r
βr
+
2∆∆u(aβ cos θ +∆∆u)
β2r2
+O(r−3),
χ = 2
∆∆u
βr
− 2∆∆r(aβ cos θ + 2∆∆u)
β2r2
+O(r−3),
(4.61)
and the expression for v in (4.24). The conserved mass
is then finite and integrable.
The final expressions for the mass and angular momen-
tum are
M =
m
GΞ2
, J =
ma
GΞ2
. (4.62)
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These expressions are familiar already for the Kerr–AdS
black hole [56, 74, 75]. Since the matter fields do not
contribute to the finite conserved charges, it is not sur-
prising that the mass and angular momentum agree with
the uncharged black hole.
Using the canonical expressions for the charges derived
from the action, one also obtains that the electromagnetic
charges in geometrical units are
Qa =
Qa
2Gβ2Ξ
, P
a
=
P a
2Gβ2Ξ
. (4.63)
The factor of 2 difference between the normalization of
the gauge kinetic terms between (2.4) and (2.10) is re-
sponsible for the factor of 2 between the definitions of
Qa, P
a
defined here and QI , P
I
, I = 1, 2, 3, 4 defined in
Section IIID 2. The factor of 1/Ξ is familiar already for
the Kerr–Newman–AdS black hole [70, 72]. The factor
of β−2 is a new feature for dyonic Kerr–Newman–AdS
black holes in our parametrization.
2. First law
The inner and outer black hole horizons are located at
r = r± which are the zeros of the radial function Rg(r)
defined in (4.37). The Killing generator is ξµ ∂µ = ∂t +
Ω ∂φ, where the angular velocity is
Ω = a
(
Ξ
L(r+)
+ g2
)
. (4.64)
The temperature and entropy of the outer horizon are
T =
R′g(r+)
4πL(r+)
, S =
πL(r+)
ΞG
, (4.65)
where L is defined in (4.40). The electric and magnetic
potentials are defined as the difference between the po-
tentials at the horizon and at infinity,
Φa = ξµAaµ|r=r+ − ξµAaµ|r=∞,
Ψa = ξ
µA˜aµ|r=r+ − ξµA˜aµ|r=∞. (4.66)
After remarkable simplifications, one obtains
Φ1 =
Q1(βr+ +∆∆r)− P 1∆∆u
β3L(r+)
,
Φ2 =
Q2(βr+ −∆∆r) + P 2∆∆u
β3L(r+)
,
Ψ1 =
P 1(βr+ −∆∆r)−Q1∆∆u
β3L(r+)
,
Ψ2 =
P 2(βr+ +∆∆r) +Q2∆∆u
β3L(r+)
. (4.67)
The first law
δM = T δS +Ω δJ +Φa δQa +Ψa δP
a
, (4.68)
is obeyed for generic variations, which provides with a
non-trivial check of our expressions. In the static case,
we checked explicitly that the symplectic flux is zero at
r → ∞, see Section IIID 1. Boundary conditions with
varying electric and magnetic charges in N = 2, U(1)2
gauged supergravity are therefore consistent on the re-
stricted phase space of black hole solutions. It was then
expected that the first law holds for static configurations.
The closure of the first law in the general rotating case
suggests that no qualitative change occurs when angular
momentum is turned on. In particular, we checked ex-
plicitly that the symplectic flux is zero at r →∞ for the
Kerr–Newman–AdS solutions.
E. Supersymmetric solutions
For purely electric solutions, the Bogomolny–Prasad–
Sommerfield (BPS) condition for supersymmetric solu-
tions was given in [73].
M = gJ +Q1 +Q2, (4.69)
after choosing signs so that g, J , Q1 and Q2 are non-
negative. The subsequent analysis was been performed
previously, however to correct a previous typographical
error we repeat the calculation. The BPS condition is
e2(δ1+δ2) = 1 +
2
ag
. (4.70)
With this condition, we have
Rg = g
2
(
r1r2 − 2
g2(e2(δ1+δ2) − 1)
)2
+ coth2(δ1 + δ2)
(
r − 2msδ1sδ2
cosh(δ1 + δ2)
)2
. (4.71)
This is a sum of two squares, so at a horizon both squares
must vanish. In general, the zeros of the two squares are
different, so the supersymmetry condition alone leads to
a solution that is singular. If there is a horizon, then the
second square implies that it is at
r = r0 ≡ 2msδ1sδ2
cosh(δ1 + δ2)
. (4.72)
Substituting into the first square and requiring it to van-
ish gives an additional condition has to be imposed so
that the solution will have a regular horizon, namely
m2g2 =
cosh2(δ1 + δ2)
eδ1+δ2 sinh3(δ1 + δ2) sinh(2δ1) sinh(2δ2)
.
(4.73)
Rg then possesses a double root at r = r0, which in-
dicates that the temperature vanishes, as it must for
a supersymmetric solution. The supersymmetric Kerr–
Newman–AdS black hole [72, 76] is recovered when fur-
thermore δ1 = δ2.
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There are complications with BPS bounds when mag-
netic charge is included. For example, in minimal gauged
supergravity two different BPS bounds were found [77],
corresponding to different superalgebras. The analysis
has been generalized to include more general matter cou-
plings [78].
An alternative, and definitive, approach to finding su-
persymmetric solutions is to find Killing spinors. This
approach has recently been carried out in full [79] for
the Pleban´ski–Demian´ski solution [80], which includes
the dyonic Kerr–Newman–Taub–NUT–AdS solution, of
Einstein–Maxwell theory with a negative cosmological
constant, i.e. the bosonic sector of minimalN = 2 gauged
supergravity. Within the Kerr–Newman–AdS family, su-
persymmetric black holes must carry only electric charge
[76]. Supersymmetric solutions of N = 2 gauged super-
gravity coupled to vector multiplets have been classified
[81, 82].
F. Killing tensors and separability
The spacetime admits a web of various interrelated
(conformal) Killing tensors. For reviews of these ten-
sors, see e.g. [83]. They are related to the separability of
equations for geodesic motion and for probe scalar fields.
1. Killing tensors
We now recall some relevant defintions of Killing ten-
sors. A Killing–Sta¨ckel (KS) tensorKµν = K(µν) satisfies
∇(µKνρ) = 0. A conformal Killing–Sta¨ckel (CKS) tensor
Qµν = Q(µν) satisfies ∇(µQνρ) = q(µgνρ) for some qµ,
given in 4 dimensions by qµ =
1
6 (∂µQ
ν
ν + 2∇νQνµ). A
Killing–Yano (KY) tensor Yµν = Y[µν] satisfies∇(µYν)ρ =
0. A Killing–Yano tensor with torsion (KYT tensor),
Yµν = Y[µν], satisfies ∇T(µYν)ρ = 0, where the covariant
derivative ∇T uses the connection Γµνρ+T µνρ, including
both the Levi-Civita connection Γµνρ and a torsion T
µ
νρ
such that Tµνρ = T[µνρ], i.e. derived from a 3-form. A
conformal Killing–Yano tensor with torsion (CKYT ten-
sor), kµν = k[µν], satisfies ∇T(µkν)ρ = kρgµν − k(µgν)ρ for
some kµ, given in 4 dimensions by kµ =
1
3∇T νkνµ. A
CKYT tensor is a closed conformal Killing–Yano tensor
with torsion (CCKYT tensor) if furthermore ∇T [µkνρ] =
0. The literature sometimes uses “generalized” to mean
“with torsion”.
We now recall some relevant results about Killing ten-
sors. The Hodge dual of a KYT tensor is a CCKYT
tensor (with the same torsion), and vice versa. If Yµν is
a KY(T) tensor, then Kµν = Y µ
ρYρν is a KS tensor. If
Qµν is a CKS tensor, then the components Qµν give a
CKS tensor for any conformally related metric.
There are two metrics of interest: the usual Einstein
frame metric ds2, and the conformally related string
frame metric
ds˜2 =
r2 + u2
W
ds2. (4.74)
For black hole solutions of supergravity, usually only the
string frame metric admits a KS tensor [40], not the Ein-
stein frame metric. However, for the special solutions
considered here, both the string frame and Einstein frame
metrics admit KS tensors. Both KS tensors have two
“square roots” given by KYT tensors.
If we make the coordinate change τ = t̂−aφ̂, ψ = φ̂/a,
then the Einstein frame metric (4.4) is
ds2 = −Rg
W
(dτ + u1u2 dψ)
2 +
W
Rg
dr2
+
Ug
W
(dτ − r1r2 dψ)2 + W
Ug
du2. (4.75)
Here and below, we omit the hat on functions and coor-
dinates for simplicity. The gauge fields are
A1 =
1
W
(
Q1r2(dτ + u1u2 dψ)− P 1u2(dτ − r1r2 dψ)
)
,
A2 =
1
W
(
Q2r1(dτ + u1u2 dψ)− P 2u1(dτ − r1r2 dψ)
)
,
(4.76)
and the dual gauge fields are
A˜1 =
1
W
(
P 1r1(dτ + u1u2 dψ) +Q1u1(dτ − r1r2 dψ)
)
,
A˜2 =
1
W
(
P 2r2(dτ + u1u2 dψ) +Q2u2(dτ − r1r2 dψ)
)
.
(4.77)
In fact, these are probably the simplest coordinates for
expressing the solution locally.
Consider more generally the metric
ds2 = − R
W
(dτ +Wu dψ)
2 +
W
R
dr2
+
U
W
(dτ −Wr dψ)2 + W
U
du2, (4.78)
where W =Wr +Wu; R and Wr are arbitrary functions
of r; and U andWu are arbitrary functions of u. Here and
below we drop the subscript g in R and U for simplicity.
Introduce the vielbeins
e0 =
√
R√
W
(dτ +Wu dψ), e
1 =
√
W√
R
dr,
e2 =
√
U√
W
(dτ −Wr dψ), e3 =
√
W√
U
du. (4.79)
Two KYT tensors are
Y± =
√
Wue
0 ∧ e1 ±
√
Wre
2 ∧ e3, (4.80)
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with corresponding torsions
T± =
1
W
[
U
(
∂rWr ∓
√
Wr√
Wu
∂uWu
)
dr
+R
(
∂uWu ∓
√
Wu√
Wr
∂rWr
)
du
]
∧ dτ ∧ dψ. (4.81)
Squaring either Y± gives the KS tensor
Kµν dx
µ dxν =Wu(−e0e0 + e1e1)−Wr(e2e2 + e3e3).
(4.82)
Taking Hodge duals of Y± gives the CCKYT tensors
k± = ±
√
Wre
0 ∧ e1 −
√
Wue
2 ∧ e3. (4.83)
If we make the coordinate change r′ =
√
Wr, u
′ =√
Wu, and define the functions fr = 1/(∂r
√
Wr), fu =
1/(∂u
√
Wu), R
′ = R/f2r , U
′ = U/f2u, then the metric
takes the form
ds2 = − R
′f2r
r′2 + u′2
(dτ + u′2 dψ)2 +
r′2 + u′2
R′
dr′2
+
U ′f2u
r′2 + u′2
(dτ − r′2 dψ)2 + r
′2 + u′2
U ′
du′2.
(4.84)
The torsions take the form
T± = − 2
r′2 + u′2
[(
fu
fr
∓ 1
)
r′
√
U ′√
r′2 + u′2
e1
+
(
fr
fu
∓ 1
)
u′
√
R′√
r′2 + u′2
e3
]
∧ e0 ∧ e2. (4.85)
These forms of the metric and torsion T+ manifestly fit
into the classification of metrics admitting a KYT tensor
[84], specifically even-dimensional of type A, after ana-
lytically continuing to Riemannian signature.
The string frame metric (4.74) can be expressed in
terms of the vielbeins
e˜0 =
√
(r2 + u2)R
W
(dτ +Wu dψ), e˜
1 =
√
r2 + u2√
R
dr,
e˜2 =
√
(r2 + u2)U
W
(dτ −Wr dψ), e˜3 =
√
r2 + u2√
U
du.
(4.86)
Two KYT tensors are
Y˜± = ue˜0 ∧ e˜1 ± re˜2 ∧ e˜3, (4.87)
with corresponding torsions
T˜± =
r2 + u2
W
[
U
(
∂rWr
W
∓ 2r
r2 + u2
)
dr
+R
(
∂uWu
W
∓ 2u
r2 + u2
)
du
]
∧ dτ ∧ dψ
= −
[(
∂rWr
W
∓ 2r
r2 + u2
) √
U√
r2 + u2
e˜1
+
(
∂uWu
W
∓ 2u
r2 + u2
) √
R√
r2 + u2
e˜3
]
∧ e˜0 ∧ e˜2.
(4.88)
Squaring either Y˜± gives the KS tensor
K˜µν dx
µ dxν = u2(−e˜0e˜0+e˜1e˜1)−r2(e˜2e˜2+e˜3e˜3). (4.89)
Taking Hodge duals of Y˜± gives the CCKYT tensors
k˜± = ±re˜0 ∧ e˜1 − ue˜2 ∧ e˜3. (4.90)
The string frame metric can also be written as
ds˜2 = − R
r2 + u2
(dτ + u2 dψ −A)2 + r
2 + u2
R
dr2
+
U
r2 + u2
(dτ − r2 dψ −A)2 + r
2 + u2
U
du2,
(4.91)
where
A = r
2 + u2
W
(
Wr − r2
r2 + u2
(dτ + u2 dψ)
+
Wu − u2
r2 + u2
(dτ − r2 dψ)
)
. (4.92)
The torsion T˜+ can also be written as
T˜+ = −
[
∂r log
(
W
r2 + u2
) √
U√
r2 + u2
e˜1
+ ∂u log
(
W
r2 + u2
) √
R√
r2 + u2
e˜3
]
∧ e˜0 ∧ e˜2.
(4.93)
These forms of the metric and torsion T+ also manifestly
fit into the classification of metrics admitting a KYT ten-
sor [84], again even-dimensional of type A, after analyti-
cally continuing to Riemannian signature.
The string frame KS tensor K˜µν induces a CKS ten-
sor Qµν for the Einstein frame metric, with components
Qµν = K˜µν . Similarly, the Einstein frame KS tensorKµν
induces a CKS tensor Q˜µν for the string frame metric,
with components Q˜µν = Kµν . In fact,
Qµν = Kµν + qgµν , Q˜µν = K˜µν + q˜g˜µν , (4.94)
where
q =
u2Wr − r2Wu
r2 + u2
, q˜ =
r2Wu − u2Wr
W
. (4.95)
Therefore, ∇(µQνρ) = q(µgνρ) and ∇(µQ˜νρ) = q˜(µg˜νρ),
where qµ = ∂µq and q˜µ = ∂µq˜.
Despite the interesting geometrical structures, the
physical interpretations of the torsions are generally un-
clear. While the torsions T+ and T˜+ vanish for the un-
charged Kerr–Taub–NUT–AdS solution (for which the
string and Einstein frames coincide), recovering the
known KY tensor, in this limit the torsions T− and T˜−
do not vanish. In special cases, the string frame torsion
T˜+, but not the Einstein frame torsion T+, is physically
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motivated by dualizing the axion χ to give a 3-form field
strength H , which is identified as the torsion [42]. Anal-
ogously in 5-dimensional minimal gauged supergravity,
the vector can be dualized [41]. However, the dualiza-
tion cannot be performed for solutions of gauged super-
gravity, since the potential (2.1) involves the bare ax-
ion potential, not its derivative. Furthermore, although
[42] found the correct torsion by dualizing the axion for
the “Kerr–Sen” black hole of ungauged supergravity (the
δ2 = γ1 = γ2 = n̂ = g = 0 solution), for which there is a
single electric gauge field, the procedure fails for our more
general dyonic solution. More specifically, in the Kerr–
Sen case dT˜+ + F
1 ∧ F 1 = 0, which is consistent with
identifying the torsion with H , but dT˜+ + F
1 ∧ F 1 6= 0
when we generalize to γ1 6= 0.
2. Separability
The KS tensors in Einstein frame and string frame
guarantee the complete integrability of geodesic motion
in both these frames, which we now demonstrate explic-
itly. The Einstein and string frame metric have respective
inverses(
∂
∂s
)2
=
1
W
(
− (Wr ∂τ + ∂ψ)
2
R
+R∂2r
+
(Wu ∂τ − ∂ψ)2
U
+ U ∂2u
)
,
(
∂
∂s˜
)2
=
1
r2 + u2
(
− (Wr ∂τ + ∂ψ)
2
R
+R∂2r
+
(Wu ∂τ − ∂ψ)2
U
+ U ∂2u
)
, (4.96)
and metric determinants given by
√−g =W,
√
−g˜ = (r
2 + u2)2
W
. (4.97)
In Einstein frame, the Hamilton–Jacobi equation for
geodesic motion is
∂S
∂λ
+
1
2
gµν ∂µS ∂νS = 0, (4.98)
where S is Hamilton’s principal function, ∂µS = pµ =
dxµ/dλ, pλ are momenta conjugate to x
µ, and λ is an
affine parameter. Consider the ansatz
S = 12µ
2λ− Eτ + Lψ + Sr(r) + Su(u). (4.99)
The constants pτ = −E and pφ = L are momenta con-
jugate to the ignorable coordinates τ and ψ, related to
energy and angular momentum. The particle mass is µ,
so that pµpµ = −µ2. The components Wgµν are addi-
tively separable into functions of r and of u, and so the
Hamilton–Jacobi equation is additively separable. Ex-
plicitly, we have
− (WrE − L)
2
R
+
(WuE + L)
2
U
+R
(
dSr
dr
)2
+ U
(
dSu
du
)2
+ µ2(Wr +Wu) = 0, (4.100)
and so
dSr
dr
=
1
R
√
(WrE − L)2 − (C + µ2Wr)R,
dSu
du
=
1
U
√
−(WuE + L)2 + (C − µ2Wu)U, (4.101)
where C is a separation constant. We then determine
r(λ) and u(λ) by integrating
dr
dλ
= grrpr =
R
W
dSr
dr
,
du
dλ
= guupu =
U
W
dSu
du
.
(4.102)
Finally, we determine τ(λ) and ψ(λ) by integrating
dτ
dλ
= gττpτ + g
τψpψ
=
E
W
(
W 2r
R
− W
2
u
U
)
− L
W
(
Wr
R
+
Wu
U
)
,
dψ
dλ
= gτψpτ + g
ψψpψ
=
E
W
(
Wr
R
+
Wu
U
)
+
L
W
(
1
U
− 1
R
)
. (4.103)
The separation can analogously be explicitly demon-
strated in string frame, by replacing µ2(Wr + Wu) in
(4.100) by µ2(r2 + u2).
The massive Klein–Gordon equation for the Einstein
frame metric is
Φ =
1√−g∂µ(
√−ggµν∂νΦ) = µ2Φ. (4.104)
Consider the ansatz
Φ = Φr(r)Φu(u)e
i(kψ−ωτ). (4.105)
Then the Klein–Gordon equation gives
µ2W =
(ωWr − k)2
R
− (ωWu + k)
2
U
+
1
Φr
d
dr
(
R
dΦr
dr
)
+
1
Φu
d
du
(
U
dΦu
du
)
, (4.106)
which separates to give
d
dr
(
R
dΦr
dr
)
+
(
(ωWr − k)2
R
− µ2Wr + C
)
Φr = 0,
d
du
(
U
dΦu
du
)
−
(
(ωWu + k)
2
U
+ µ2Wu + C
)
Φu = 0,
(4.107)
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where C is an integration constant. For the black hole
solutions we found, these are Fuchsian second-order or-
dinary differential equations.
For other examples [42, 85, 86], the existence of KYT
tensors is related to the separability of Dirac equations
that are modified by terms involving the torsion. We
expect the same separability properties for the class of
metrics that we have discussed.
V. CONCLUSION
We extended the known classes of 4-dimensional dyonic
AdS black holes in maximal gauged supergravity along
two fronts. We obtained a class of static AdS black holes
with 4 independent electric charges and 4 independent
magnetic charges, and a class of rotating AdS black holes
with 2 independent electric and 2 independent magnetic
charges (and also an independent NUT charge). In par-
ticular, the class of planar dyonic black holes that we
derived might be of interest for the AdS/CFT correspon-
dence as models for large N gauge theories with finite
charge density and background magnetic field. It is re-
markable that such solutions can be obtained from their
asymptotically flat cousins by simply modifying one or
two functions in the metric while leaving the matter fields
unchanged. A natural continuation of this work would
be to construct a rotating solution with 8 independent
electromagnetic charges, which would require an ansatz
that remains to be guessed. It would be interesting to
investigate further the supersymmetry of these solutions.
We showed that varying independently the electric
and magnetic charges of dyonic black holes in AdS is
in general inconsistent with the existence of a Hamil-
tonian. Several exceptions exist, including the dyonic
Kerr–Newman–AdS family, where the variation of both
electromagnetic charges can be performed at the expense
of imposing Lorentz-violating boundary conditions for
the gauge field. Non-relativistic holographic theories cor-
responding to such boundary conditions, if they exist,
remain to be constructed. More generally, we found
several distinct classes of boundary conditions for gauge
fields in AdS4. It would be interesting to generalize them
to include propagating fields, compute their asymptotic
symmetry group and classify their supersymmetric ex-
tensions.
Like the Kerr solution, the rotating solutions that we
constructed have special algebraic properties, in particu-
lar various types of Killing tensors. We were led to con-
sider a wider class of metrics and found, in two different
conformal frames, Killing–Yano tensors for connections
with torsion. Although the physical significance of these
torsions is unclear, they underlie the separability of the
Hamilton–Jacobi equation for geodesic motion.
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Appendix A: Details of the static solution
Here are the remaining details of the static solution
with a spherical horizon. We denote sδI = sinh δI ,
cδI = cosh δI , sδI...J = sδI . . . sδJ , cδI...J = cδI . . . cδJ ,
and similarly for γ instead of δ. The coefficients for the
mass and NUT charge are
µ1 = 1 +
∑
I [
1
2 (s
2
δI + s
2
γI)− s2δIs2γI ] + 12
∑
I,J s
2
δIs
2
γJ ,
µ2 =
∑
I sδIcδI [(sγI/cγI)cγ1234 − (cγI/sγI)sγ1234],
ν1 =
∑
I sγIcγI [(cδI/sδI)sδ1234 − (sδI/cδI)cδ1234],
ν2 = ι−D, (A1)
where
ι = cδ1234cγ1234 + sδ1234sγ1234
+
∑
I<J cδ1234(sδIJ/cδIJ)(cγIJ/sγIJ)sγ1234,
D = cδ1234sγ1234 + sδ1234cγ1234
+
∑
I<J cδ1234(sδIJ/cδIJ)(sγIJ/cγIJ)cγ1234. (A2)
The linear functions appearing in the solution are
LI(r) = (mπI2 − n0πI1)r − 4(m2 + n20)
∂D
∂δI
,
L˜I(r) = (mρ
2
I − n0ρ1I)r − 4(m2 + n20)D˜I , (A3)
where
D˜I = (sγI/cγI)cγ1234s
2
δI − (cγI/sγI)sγ1234c2δI . (A4)
The solution also involves the constants
V I = (n0ρ
1
I −mρ2I)n0 + 2(m2 + n20)
∂C
∂δI
,
V˜I = (n0π
I
1 −mπI2)n0 + 2(m2 + n20)C˜I , (A5)
where
C = 1 +
∑
I(s
2
δIc
2
γI + s
2
γIc
2
δI) +
∑
I<J(s
2
δIJ + s
2
γIJ)
+
∑
I 6=J s
2
δIs
2
γJ +
∑
I
∑
J<K(s
2
δIs
2
γJK + s
2
γIs
2
δJK)
+ 2
∑
I<J [sδ1234cδ1234(sγIJ/cδIJ)(cγIJ/sδIJ)
+ s2δ1234(s
2
γIJ/s
2
δIJ) + sδIJsγIJcδIJcγIJ
+ s2δIJs
2
γIJ ]− ν21 − ν22 , (A6)
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and
C˜I = (sδ1234 − cδ1234)C˜II + 2sγIcγIsδ1234(2 +
∑
K s
2
γK)
+
∑
J 6=I [cδ1234sδIJ/cδIJ − sδ1234cδIJ/sδIJ ]C˜IJ
+ 2
∑
J 6=I sγJcγJ [(sδIJ/cδIJ)cδ1234(s
2
γI + s
2
γJ)
− (cδIJ/sδIJ)sδ1234
∑
K 6=I,J s
2
γK ],
C˜IJ = 2(1 + 2s
2
δI)sγ1234[(2 +
∑
K 6=J s
−2
γK)sγ1234cγJ/sγJ
− (1 + 2s2γJ)cγ1234/(sγJcγJ)]
+ 2s2δIsγJcγJ(1 +
∑
K s
2
γK). (A7)
The coefficients for the i = 1 scalars are
ξ11 = [(sδ123cδ4 − cδ123sδ4)sγ1cγ1 + (1↔ 4)]
− ((1, 4)↔ (2, 3)),
ξ12 = [
1
2 (cδ23sγ14 + cγ14sδ23)(cδ14cγ23 + sγ23sδ14)
+ sδ1sγ4cδ4cγ1(sδ2sγ2cδ3cγ3 + sδ3sγ3cδ2cγ2)
+ (1↔ 4)]− ((1, 4)↔ (2, 3)),
ξ13 = [(sδ134cδ2c
2
γ2 + cδ134sδ2s
2
γ2)sγ3cγ3 + (2↔ 3)]
− ((1, 4)↔ (2, 3)),
η11 = s
2
δ2 + s
2
δ3 + s
2
γ1 + s
2
γ4 + (s
2
δ2 + s
2
δ3)(s
2
γ1 + s
2
γ4)
+ (s2δ2 − s2δ3)(s2γ3 − s2γ2),
η12 = 2sδ2cδ2(cγ2sγ134 − sγ2cγ134) + (2↔ 3),
η13 = 2sδ23cδ23(sγ23cγ23 + sγ14cγ14) + s
2
δ23(1 +
∑
I s
2
γI)
+ (s2δ2 + s
2
δ3 + 2s
2
δ23)(s
2
γ14 + s
2
γ23)
+ s2δ2s
2
γ2 + s
2
δ3s
2
γ3 + s
2
γ14. (A8)
The results for i = 2 and i = 3 are obtained by respec-
tively interchanging indices 1↔ 2 and 1↔ 3.
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